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Introduction



Ising Model

E(s) =
∑

(i,j)∈E

Jij sisj +
∑

i

hisi

• Problem: minimize energy over spin configurations si ∈ {−1,+1}
• A PI-encoding framework for most NP-complete combinatorial optimization

problems

• Traveling Salesman

• Portfolio optimization

• Molecular docking

• Next-G MIMO Processing
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Ising Solvers

• Exact methods: GUROBI, CPLEX, MOSEK

• Exponential-time worst case due to the NP-hardness

• Classical heuristics: Simulated Annealing, Tabu Search, Genetic

Algorithms

• Quantum & Quantum-inspired solvers: Quantum annealing (QA),

Gate-based QAOA, Digital Annealers

• Neural combinatorial solvers: Learn heuristics and or policies that

generalize across instances using Deep Learning
• Problem-specific solvers:

• Pointer Networks [TSP, VRP]: NeurIPS 2015 – SL/RL sequence models

• Policy gradient to learn heuristics [TSP, Knapsack] (Bello et al., ICLR 2017)

• Transformer-based RL solvers [TSP, VRP] (Kool et al., ICLR 2019)

• General Ising/QUBO Solver:
• Physical-inspired GNN (PI-GNN) ( Schuetz et al. Nature Machine Intel. 22) 4



Physics-Inspired Graph Neural Network

v v
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Problem setup

Problem encoding

Maximum Cut Maximum Independent Set

Input graph

GNN training

Loss function
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k
=

1

<latexit sha1_base64="i1iEZY7GoviYM9CeZhMW9soQiGU=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadlNNjE5CAEvHiOaByRLmJ3MJkNmH8zMCmHJJ3jxoIhXv8ibf+NsEkFFCxqKqm66u7yYM6ks68PIra1vbG7ltws7u3v7B8XDo46MEkFom0Q8Ej0PS8pZSNuKKU57saA48DjtetOrzO/eUyFZFN6pWUzdAI9D5jOClZZup5flYbFkmU69UrNtlJFyw25oUrWcSrWBbNNaoAQrtIbF98EoIklAQ0U4lrJvW7FyUywUI5zOC4NE0hiTKR7TvqYhDqh008Wpc3SmlRHyI6ErVGihfp9IcSDlLPB0Z4DVRP72MvEvr58ov+6mLIwTRUOyXOQnHKkIZX+jEROUKD7TBBPB9K2ITLDAROl0CjqEr0/R/6RTNu2aWb5xSk1nFUceTuAUzsGGC2jCNbSgDQTG8ABP8Gxw49F4MV6XrTljNXMMP2C8fQI6XI29</latexit>

k = 2

Training strategy
• GNN ansatz (GCN, GAT, …)
• Hyperparameters
• ML optimizer (Adam, SGD, …)

Projection scheme           d

<latexit sha1_base64="XGtBgTLqj98uzLvXQdOa1Vow89U=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeLGMrg==</latexit>
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Final evaluation<latexit sha1_base64="g5B/KiN6zl0h4ZJryoOTe7VcWcw="></latexit>

LQUBO(✓) =
X

i,j

pi(✓)Qijpj(✓)
<latexit sha1_base64="t/rGmERwsDXfIFFyfz/5zrDJflE="></latexit>

HQUBO = x|Qx =
X

i,j

xiQijxj

<latexit sha1_base64="aU/mJS2pQOGp2mSCu4dZ0tN8PB8="></latexit>

A =

0
BBBB@

0 1 1 0 0
1 0 0 1 0
1 0 0 1 1
0 1 1 0 1
0 0 1 1 0

1
CCCCA

<latexit sha1_base64="X3Smm8oC+GFlEJOo3RB3P401yAk="></latexit>

Q =

0
BBBB@

�2 2 2 0 0
0 �2 0 2 0
0 0 �3 2 2
0 0 0 �3 2
0 0 0 0 �2

1
CCCCA

<latexit sha1_base64="Yx9aOSkTy7HfjUcRiSXjYBLeVWQ="></latexit>

Q =

0
BBBB@

�1 P P 0 0
0 �1 0 P 0
0 0 �1 P P
0 0 0 �1 P
0 0 0 0 �1

1
CCCCA

a c

e

b

<latexit sha1_base64="D1+PqIK7eVMsRRRqHxkd/V5jGtE=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbsxGHMLePGYgHlAsoTZSScZM/tgZlYIS77AiwdFvPpJ3vwbJ8kKUbSgoajqprvLjwVX2nE+rbX1jc2t7dxOfndv/+CwcHTcUlEiGTZZJCLZ8alCwUNsaq4FdmKJNPAFtv3JzdxvP6BUPArv9DRGL6CjkA85o9pIjct+oejazgLEsasGlXJGqi75toqQod4vfPQGEUsCDDUTVKmu68TaS6nUnAmc5XuJwpiyCR1h19CQBqi8dHHojJwbZUCGkTQVarJQVydSGig1DXzTGVA9Vr+9ufiX10308NpLeRgnGkO2XDRMBNERmX9NBlwi02JqCGWSm1sJG1NJmTbZ5FdD+J+0SrZ7ZZca5WKtnMWRg1M4gwtwoQI1uIU6NIEBwiM8w4t1bz1Zr9bbsnXNymZO4Aes9y8CZo0O</latexit>
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<latexit sha1_base64="YnGJEdmw/K3Gv3fub1ET6B70rzY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadkNwZhbwIvHBMwDkiXMTnqTMbMPZmaFEPIFXjwo4tVP8ubfOElWiKIFDUVVN91dfiK40o7zaeU2Nre2d/K7hb39g8Oj4vFJW8WpZNhisYhl16cKBY+wpbkW2E0k0tAX2PEnNwu/84BS8Ti609MEvZCOIh5wRrWRms6gWHJtZwni2DWDaiUjNZd8WyXI0BgUP/rDmKUhRpoJqlTPdRLtzajUnAmcF/qpwoSyCR1hz9CIhqi82fLQObkwypAEsTQVabJU1ydmNFRqGvqmM6R6rH57C/Evr5fq4Nqb8ShJNUZstShIBdExWXxNhlwi02JqCGWSm1sJG1NJmTbZFNZD+J+0y7Z7ZZeblVK9ksWRhzM4h0twoQp1uIUGtIABwiM8w4t1bz1Zr9bbqjVnZTOn8APW+xf9y40L</latexit>
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PI-GNN approach for solving QUBO. Schuetz et al. Machine Intelligence 2022

Expensive Inference time to find node embedding!
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Method



Our Approach: RELIC - Reinforcement Learning for Ising Com-

pression

• Neural Combinatorial Solver for (general) Ising Model

• Policy gradient (REINFORCE) to learn optimal edge contraction

• For an n-size Ising, a sequence of n− 1 edge contractions induces a solution

• Policy trained via REINFORCE with inexpensive final rewards

• unsupervised learning

• Generalizes to unseen graph topologies of various sizes
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Compression Actions

Merge (aligned spins at ground states): contract (u, v), rewire neighbors of v:

Juw ← Juw + Jvw, ∀w ∈ N (v) \ {u}
offset← offset+ Juv

Flip-Merge (anti-aligned spins at ground states): negate v’s couplings, then

merge:

Jvw ← −Jvw, ∀w ∈ N (v),

then apply as above.

▶ Preserve energy (up to an offset).
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RL Formulation

State st: current graph Gt = (Vt, Et)

Actions at = ((u, v), d): choose edge

(u, v) and action

d ∈ {merge, flip-merge}.

Transition: apply contraction, update

Gt+1 and offsett+1.

Horizon: T = |V0| − 1 for full

compression.

Reward:

rT = −
(
offsetT + Efinal − b

)

= −
(
offsetT − b

)
,

with baseline b for variance reduction

and, Efinal = 0 as fully-compressed into

a node.
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Policy Architecture

Input Ising Graph GNN Embedding Edge-Action Score Compressed Graph
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Policy Architecture
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Training Details

Objective (policy gradient):

∇θJ(θ) = Eτ∼πθ

[ T−1∑

t=0

∇θ log πθ(at|st) (rT − bt)
]
.

Baselines: greedy rollout; stochastic average of multiple rollouts.

Exploration: ε-greedy schedule.

Stabilization: reward normalization, gradient clipping, mini-batch updates.
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Experiments



Experimental Setup

Training data 5,000 graphs, n = 25 (ER, BA, WS), Jij ∼ U [−5, 5], hi = 0

Policy 3 MP layers, edge-action readout

Tasks Ising generated from Maximmum Independent Set (MIS) [?]

Metrics MIS size (higher is better), runtime scaling

Hardware NVIDIA RTX 3060

Method RELIC and PI-GNN

12



Results: MIS Quality
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Results: Runtime Scaling
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RELIC exhibits linear scaling and large speedups vs. PI-GNN.
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Summary

• Contribution:

• Neural Combinatorial Solver to solve (general) Ising model

• Generalize well to Ising instances of large scale

• Limitation and future work

• Benchmark on Ising from various combinatorial optimization problems

• Include comparisons with more classical solvers
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THANKS!
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